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Let P be a second order elliptic operator which is defined on a domain Q z Iw” 
and let W(x) be a nonzero nonnegative function. Assume that PA= P-AW(x) 
admits a positive minimal Green function Cpi(x, y) for all I< 0. We prove that 
lim (-1) G$,(x, y) =9(x, y), 
I-0 
A<0 
where 9 =0 for xf y, unless P and P* admit ground states B(x) and 3(x), 
respectively, with eigenvalue zero such that in d(z) W(z) S(z) dz < co. In this case 
Moreover, if Jo o(z) S(z) dz < co, then the heat kernel k(x, y, t) of the parabolic 
equation Lu E u, + Pu = 0 satisfies 
0 1992 Academic Press, Inc. 
1. INTRODUCTION 
Consider the second order parabolic equation 
Lu=u,+P(x,a)z4=0 in Qx(0, co)ER”x(O, co), (1.1) 
where P is a second order linear elliptic operator. Let k(x, y, t) be the mini- 
mal positive (Dirichlet) heat kernel of L. Large time behavior of the heat 
kernel has attracted many mathematicians (see [2-5, 8-12, 16, 18, 201 and 
the comprehensive references in [S]). In general, sharp estimates from 
above and below, for large time diffusions are not available. Therefore, 
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only few precise long time behaviors of heat kernels are known (see, for 
example, [9, 111). One of the main goals of this paper is to investigate the 
existence of lim f j o3 k(x, y, t) and to determine this limit. 
When Q is a smooth bounded domain and P is symmetric, k(x, y, t) has 
the Sturm-Liouville expansion 
4x3 YY t) = f exP( -nit) #i(X) $i(Y), 
i=O 
(1.2) 
where l,, < A1 6 & < A3 < . . . are the (repeated) eigenvalues and #i(x) are 
the corresponding (orthonormal) eigenfunctions of the operator P 
associated with the Dirichlet boundary condition. It follows from (1.2) that 
,‘imm exp(dot) MT Y, t) = 4o(x) 40(~). (1.3) 
Using the Krein-Rutman theorem, R. Pinsky [ 16, Theorem 31, proved 
that if P is a (nonsymmetric) diffusion operator and Q is a smooth 
bounded domain then 
lim exp(l, t) k(x, y, t) = do(x) $0(v) 
t-00 Jo 40(z) $0(z) dz’ 
(1.4) 
where do(x) and so(x) are the (Dirichlet) ground states of P and P*, 
respectively, corresponding to the principal eigenvalue A0 (P* is the formal 
adjoint of P). 
Suppose now that Q E [w” is a general domain (52 may be unbounded). 
Then in general a principal eigenvalue does not exist. Therefore, formula 
(1.4) (or (1.3) in the symmetric case) is not valid in the general case. 
Nevertheless, we shall see that Eq. (1.4) almost gives the right answer. 
As in [15], consider the one parameter family of operators 
P,=P-AW(x), 1 E R, 
where W(x) is a nonzero nonnegative function. Define 
(1.5) 
1,=sup(l~IWI3u>O such that P,u=OinSZ}. (1.6) 
It is easy to check that for a C’ bounded domain and W- 1, II, is the 
principal eigenvalue for the Dirichlet boundary problem. Moreover, if P is 
a symmetric operator and has a selfadjoint extension p in L2(Q) (52 is a 
general domain and WE l), then I, is the bottom of the spectrum of P 
(see, for example, [ 1 I). 
Recall (see [ 151) that for 2 < ;1, the operator P, admits a minimal 
positive Green function GFj,(x, y) = Gl(x, y) in Q. In such a case PA is 
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called subcritical in Sz. On the other hand, for A= & the operator Pi, is 
either subcritical or critical in R; that is, P,, admits a ground state d(x) (in 
the sense of Agmon [ 11) with an eigenvalue zero. The ground state 4 is the 
unique positive solution of the equation 
P,,u=O in Sz. (1.7) 
Moreover, 4 is a positive solution with minimal growth at infinity [l]. 
It is clear that if P is critical in Sz, then 
lim GA(x, y) = co. (1.8) 
1-O 
A<0 
In [ 151 the author raised the following question [ 15, Question 4.21, see 
also Corollary 4.1 therein): What are the conditions under which 
lim l.+o,l<o (-A) G,(x, y) exists and is positive? 
In Section 2 we prove 
THEOREM 1.1. Let P be a critical or subcritical operator in Q g KY’. 
Suppose that W(x) E C”(Q) is a nonzero nonnegative function. Then 
pm0 t-1) GA Y) =9(x, Y), (1.9) 
A^<0 
where % = 0 for x # y, unless P and P* admit ground states d(x) and 9(x), 
respectively (with an eigenvalue zero), which satisfy d(x) W(x) 9(x) E L’(Q). 
In this case 
9(x, Y) = 4(x) 9(Y) 
jn 4(z) W(z) s(z) dz’ 
(1.10) 
Moreover, the limit in (1.9) exists locally untformly in 
Qxrn\{(x, y)EQxi2lx= y}. 
The behavior of the Green functions near criticality is closely related 
to the large time behavior of the heat kernel. Suppose that W= 1, then 
the heat kernel kA(x, y, t) of the operator P, = P- 1, 1 <I,, satisfies 
k,(x, y, t) = e”k(x, y, t) where k is the heat kernel of P. It is well known 
that if PA is subcritical in a then the Green function G,(x, y) is given by 
GA Y) = Jam k,(x, Y, t) dt = Jom exp(lt) k(x, Y, t) dt. (1.11) 
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On the other hand if PA0 is critical in Sz then sr exp(&t) k(x, y, t) dt = co 
and we have 
lim jrn exp(lt) k(x, y, t) dt = Jiim 6 exp(&t) k(x, y, t) dt = 00. (1.12) 
lrlo 0 
The relation between the behavior of the Green functions near criticality 
and the large time behavior of the heat kernel was stressed by B. Simon 
[18]. Simon used the Karamata Tauberian theorem and his previous 
results concerning the behavior of the Green functions near criticality to 
investigate the large time behavior of I[c’~II co,oo, where H = -A + V(x) is 
a critical Schriidinger operator in R” and V is a short range potential (see 
also [17, pp. 1088114;4]). 
In Section 3 we prove 
THEOREM 1.2. Let P be an elliptic operator in Q E W. Denote by 
k(x, y, t) the heat kernel of P. 
(i) Zf P is subcritical in Q, then 
lim k(x, y, t) = 0. (1.13) 
*-co 
(ii) Zf P is critical in Sz and so d(z) S(z) dz = co, then 
(1.14) 
Moreover, g one assumes further that P is a symmetric operator (P = P*), 
then 
lim k(x, y, t)=O. (1.15) 
t-m 
(iii) Zf P is critical in Q and fn b(z) S(z) dz < co, then 
lim k(x, y, t) = d(x) WY) 
r-m Sa d(z) %I dz’ 
(1.16) 
Remark 1.3. It follows from Theorem 1.2 that if I,20 and P is 
symmetric then 
lim exp(i, t) k(x, y, t) = @(x, y), 
I-02 
(1.17) 
where @ = 0 unless P admits a ground state 4(x) E L*(Q) with an eigen- 
value lo. In this case 
(1.18) 
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Recently, I. Chavel and L. Karp [3] proved (1.17) for the heat kernel 
k(x, y, t) of the Laplace-Beltrami operator -A on a noncompact 
Riemannian manifold M. The proof in [3] relies very heavily on the 
symmetry of -A. We would like to point out that our results are also valid 
for elliptic operators on Riemannian manifolds and the proofs are the 
same. Nevertheless, for the sake of clarity we prefer to present our results 
for operators which are defined on a domain in iw”. 
Remark 1.4. It is natural to believe that in the general case 
lim t-‘X k(x, y, t) exists and 
)& k(x, Y, t) = j@. ( -2) G,(x, Y) =9(x, y), (1.19) 
L < 0 
where 9(x, y) is defined in Theorem 1.1 and W= 1. Note that (1.19) 
is proved by Theorems 1.1 and 1.2 except in the case where P is a non- 
symmetric critical operator in Q and jn 4(z) S(z) dz = co. 
Remark 1.5. Using probabilistic methods S. R. S. Varadhan [20, 
p. 2511 proved a weaker version of Theorem 1.2 for a diffusion operator P 
on Iw” which admits an invariant probability distribution and has the form 
P = -A + b(x) .V, where b(x) is a smooth bounded vector field. See also 
[21, Chapter IV]. 
Remark 1.6. Our proof of Theorem 1.2 relies on the KrylovSafanov 
parabolic Harnack inequality [7]. Therefore, we obtain no precise infor- 
mation on the rate of the convergence of (1.13)( 1.16). 
2. PROOF OF THEOREM 1.1 
We consider a second order elliptic operator P acting on functions u in 
a domain 52 c F!“, n 2 2. We shall deal with an elliptic operator of the form 
PU= - i Uy(X)CYi8jU+ i bj(X)dj#+C(X)U, (2.1) 
r,j= 1 i= 1 
where 13~ = a/ax, and x = (xi, . . . . x,). We assume that the coefficients of P 
are real and Holder continuous, and that 
aJx), bi(x)- i akaik(x) 
k=l > 
E c13a(Q), 1 <i,j<n, (2.2) 
where 0 < c1 d 1 (this ensures us that the coefficients of P* are also Holder 
continuous). We assume also that 
i a&) t;itj >Y(X) i tff (2.3) 
i,j= I i=l 
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for all x E Q and 5 E R”, where y(x) is a positive continuous function in Q. 
Let W(X)E (Y(Q) be a nonzero nonnegative function and assume that 
PA = P - Iz W(x) is subcritical for all il < 0. Theorem 1.1 is obvious if P is 
subcritical. Since in this case G,(x, y) + G,(x, y) as A 7 0 and therefore, 
!‘,“, t - 2) GA Y) = 0, x # y. (2.4) 
Hence, we may assume that A., = 0 and P is critical. Recall [15, 
Theorem 2.11, that in this case the ground state d(x) satisfies 
t-2) jQ GAx, Y) WY) 4~) dy = d(x), VkO. 
Moreover, we proved [ 15, Corollary 4.11 that 
lim sup ( -A) G,(x, y) < 46) 4(Y) 
I?0 jn 4(z) w(z) Wz) dz’ 
(2.6) 
Note that (2.6) is also valid if 4(x) W(x) 9(x)$ L’(Q) (see the proof in 
[ 151). Therefore, Theorem 1.1 is proved for such a case. 
Suppose now that 4(x) W(x) 8(x) E L’(Q). G,(x, y) is a positive solution 
of the equation P,(x, a,)~=0 (P,*(y, iT,)u=O) in Q\(y) (Q\(x)). Hence 
using the Harnack principle, (2.6), and a standard diagonalization argu- 
ment we can deduce that any sequence Ai 7 0 has a subsequence {I, j,},E, 
such that the sequence ( -Aicj,) Gn,,,,(x, y) converges, as j tends to infinity, 
to a function C(x, y) which is a nonnegative solution of the equations 
P(x, 8,)~ = 0 (P*( y, 8,)~ = 0) in Q. Note that by (2.6) the singularity at 
x = y is removed. Since P is critical in 8, it follows that the set of positive 
solutions of the equation Pu = 0 (P*u = 0) in Q is a one dimensional set. 
Hence C(x, y)=clF(x, y), where ~20. Inequality (2.6) implies 0~ cr< 1. 
There remains to prove that c1= 1. Let y, E Q n int(supp W) be fixed, 
where int(supp IV) is the interior of the support of W(x). Using (2.5) for 
P* we obtain 
t-n) f, G,(x> YO) J+‘(x) a(x) dx = &Y,) 
for every A< 0. Taking the limit as Aicij tends to zero we obtain 
lim s i-m R t -Ai GA,Jx, YO) w(x) s(x) dx = I. 
(2.7) 
(2.8 1 
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By changing the order of the limit and integration we obtain 
and c1= 1. 
We have to justify the last step. Let {Aj},“= I be a sequence such that 
,Ij /* 0 and ( -Aj) Gn,(x, y) + orF(x, y). Choose E > 0 small enough such 
that BE B( yO, E) E Q n int(supp W), where B( y,, E) is the ball of radius E 
centered at y,. If x$ B, = B( y,, e/2), then by (2.5) and the Harnack 
inequality in B, = B(y,, ~/4), we have 
C(YO)( -A) G,k YO) $(Yo) 
<(-A) j G,dx, Y) WY)~(Y)~Y<~(X). (2.10) 
Bz 
Hence 
(-A) Gh, YO) G C,(YO) 0) for all xEQ\Br. (2.11) 
On the other hand if x E B,, then by (2.4), AjG$(x, y) ,+ a, P 0, therefore 
lim CQ$(x, YO) - ljG,+(X, YO)) =aF(x, YO). (2.12) 
j- 00 
Since (il,G{(x, y,) - &GA,(x, y,)) is a positive solution of the equation 
P,,u =O in B it follows that {AjGt(x, yO) -AjGn,(x, y,)} converges 
uniformly in B, to aP(x, yo). Moreover, there eixsts C > 0 such that 
G$(x, YO) G 
c (x- y012-n if n>3 
-Cl% Ix- Yol if n=2 
for all XEB, andj> 1. Hence 
lim 
s j-m B, (JjG$(X, YO)- AjGAji(x, YO)) w(X) a(x) dx 
= 
I B, ){% (JjG$(x, Yo)-IZ,GA,,(X, Yo)) w(x)$(X)dx 
(2.13) 
= 5 aF(x, yo) Wx) 9(x) dx, (2.14) BI 
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and 
lim 
s j-00 B, 
(- Aj) G;(x, y,J W(x) 9(x) dx = 0. (2.15) 
By (2.8), (2.1 l )-(2.15) and the Lebesgue dominated convergence theorem 
we obtain 
= lim 
i i-m a\B, 
C-s) GA,(x, YO) W(x) g(x) dx 
+ lim 
s j-m B, 
( -S) GA, (x, YO) W(x) s(X) dx 
= 
s n,B, )i% ( -S) Gn,(x, Yo) W(x) s(x) dx 
+ lim 
s i+m B, 
(SG$(x, YO)-SGA,,(X, YO)) W(x) s(x) dx 
= I c@(x, YO) W(x) W) dx a\& 
+J’ ap(x, ~0) W(x) W) dx = c4yo) (2.16) BI 
and c1= 1. 
Remark 2.1. The measure 4(x) W(x) 9(x) dx appears naturally in the 
context of positive solutions. For other examples see [ 13, 151 and the 
references therein. 
3. PROOF OF THEOREM 1.2 
Throughout this section we assume that P satisfies the same assumptions 
as in Section 2 and that WE 1. 
We need the following lemma which is the analog of (2.5). 
LEMMA 3.1. Let P be a critical operator in 52, and denote by k(x, y, t) its 
heat kernel. Then 
I 4x, Y, t) d(y) dy = 4(x) n (3.1) 
for all x E D and t > 0. An analog equation holds for 9(y). 
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Proof of Lemma 3.1. Suppose first that Sz is a smooth bounded 
domain. Then (3.1) follows from (2.5) and the well known formula 
[6, p. 4811 for C,-semigroups 
T(l)=/{: (I+(t/j)P)-‘, (3.2) 
where (-P) is the generator of the semigroup T(t) and the limit exists in 
the strong operator topology. Suppose now that Q is an arbitrary domain 
in R” and let { Sz,},“, r be a sequence of smooth bounded domains which 
exhaust a. Let #j(x) be the ground state of the operator P in Q, with the 
principal eigenvalue Ij. We may assume that tij(xO) = 1, where x0 E Q, is 
fixed. Denote by kj(x, y, t) the heat kernel of P in Q,. Then 
/it 4,(x) = f+&)(x) = 4bMXO)~ (3.3) 
and 
(3.4) 
Therefore by the Fatou lemma we obtain 
Suppose that we have a strict inequality in (3.5) for some x E Sz and t > 0. 
Then by multiplying (3.5) by exp(lt) and integrating with respect to t we 
have 
s GA@> Y) do(~) & R 
O” = s I exp@f) W, Y, f) 4o(~) dy dt < -A- 14o(x), 3.6) 0 R 
where GA is the Green function of the operator P, = P - I, A < 0. But (3.6) 
contradicts (2.5). 1 
Remark 3.2. Assume that 2, = 0 and that P is subcritical in Q. Then 
one can only deduce that 
s k(x, Y, f) 4~) dy 6 U(X) n (3.7) 
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and 
t-1) jQ G,(x, Y) W(x) 4~) dy g u(x), A<0 (3.8) 
for all positive solutions u of the equation Pu = 0 in Q (here G, is the 
Green function of the operator P, = P - ,I W, where W is a nonzero non- 
negative function). A positive solution u for which an equality holds in 
(3.7) or in (3.8) for all x E Q is called a complete positive solution. The con- 
ditions under which there exists a complete positive solution are still 
unknown. The question was raised by D. Stroock and D. Sullivan for the 
heat kernel and by R. D. Nussbaum and the author for the Green function 
([I 19, Problem 8.51 and [13, Conjecture 4.51, and see also therein for 
partial results). We point out here that for WE 1 one can show quite easily 
that the two questions are equivalent. 
The next lemma gives us a first estimate for the large time behavior of 
the heat kernel. 
LEMMA 3.3. Let P be a critical or subcritical operator in a. Then 
inf k(x, y, t) d 5(x, Y) 6 sup k(x, Y, t), 
r>T f>T 
(3.9) 
and 
lim inf k(x, y, t) 6 9(x, y) < lim sup k(x, y, t), (3.10) 
t-m t-m 
where T is a positive number and F(x, y) is defined by Theorem 1.1 with 
W(x) E 1. 
Proof By (1.11) we have 
-AG,(x, y) = -A jam exp(lt) k(x, y, t) dt 
I 
m  
>-A exp(At) 4x, Y,  t) dt 
T  
Z ,‘,nf, {Q-x, y, t)}(--1) jm exp(At) dt 
T  
= ,‘,“fr (4.~ Y, t)} exp(W, (3.11) 
where T> 0 and I< 0. Let I./1 0, by Theorem 1.1 we have 
9(x, y) 2 ,‘,“f, (44 YY t,>. (3.12) 
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On the other hand 
-EuG,(X, y) = -i joy exp(lt) k(x, JJ, t) dt 
6 ;yp, {4x, Y, t))(-2) jr exp(it) dt 
-qT exp(W 4% Y, 0 dl 
G sup {k(x, y, t)} exp(lT) - 1 j’I~(x, y, t) dt. (3.13) 
f>T 0 
By letting ,I/* 0 we obtain 
9(x, Y) G SUP {W, Y, t,> 
r>T 
(3.14) 
which together with (3.12) implies (3.9) and (3.10). 1 
Hence, Theorem 1.2 will be proven if we wil show that lim,, m k(x, y, t) 
exists. However, we prefer to prove Theorem 1.2 without using Lemma 3.3. 
We need the following key lemma (see [20, p. 2491): 
LEMMA 3.4. Let K be an integral operator of the form 
Kf(x) = i, 4x, Z)f(Z) & (3.15) 
where k(x, y) is a positive measurable function on Q x 0. Assume that there 
exist positive functions v(x) and v*(x) such that 
Ku(x) = u(x) and K*v*(x) = v*(x), (3.16) 
where 
Suppose also that 
K*f(x) = jQ 4z, x)f(z) dz. 
s 
v(z) v*(z) dz = 1. 
R 
(3.17) 
(3.18) 
Let ul(x) be a positive function which satisfies Ku,(x) = uI(x) and 
s 
vl(z) v*(z) dz = 1. 
R 
(3.19) 
Then v,(x) = v(x) almost everywhere in 52. 
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Proof. We shall prove that f(x) = v(x) - ur(x) is either nonnegative or 
nonpositive almost everywhere. Since Jn f(z) u*(z) dz = 0 it will follow that 
f(x) = 0 almost everywhere in 52. Note that f(x) is also a formal eigen- 
function of the operator K with an eigenvalue one. Consequently 
1‘ R u*(x) If(x)1 dx = j u*(x) / Ja W, z)f(z) dzi dx R 
+*(x)JD W, z) If(z)1 dz dx 
= s, If( j* u*(x) k(x, z) dx dz 
= s R u*(z) If( dz. 
Hence 
II D 0, z) f(z) dz = il, W, z) If( & 
(3.20) 
which easily implies that j(x) has a definite sign almost everywhere 
in Sz. 1 
Proof of Theorem 1.2. (i) Suppose that P is subcritical in Q. Then 
G(x, y) = ‘I k(x, y, t) dt < co. (3.22) 
0 
Let x, y be fixed and suppose that k(x, y, t) does not converge to zero as 
t + co. Then there exist an increasing sequence tj + co, ( tj+ r - tjl > 1, and 
E > 0, such that k(x, y, tj) > E for all j > 1. Using the parabolic Harnack 
inequality [7] we deduce that there exists C > 0 (C may depend on x, y, 
and P) such that 
s 
(I,+ 1) 
k(x, y, t) dt > Cc, Vj>2. (3.23) 
5 
But this contradicts (3.22). 
(ii) Suppose that P is critical in Q, then Theorem 1.1 and the 
Karamata Tauberian theorem [17] imply 
J@, kJoT4x, Y, t) dt = FFo t-1) GAx, Y) = 9(x, Y), 
A<0 
(3.24) 
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where 9(x, y) is defined in Theorem 1.1 and W = 1. Therefore, the first 
part of (ii) is proved. Note that if 9(x, y) = 0, then Lemma 3.3 or (3.24) 
implies that lim inf,, ,= k(x, I’, t) = 0. 
Suppose now that P is a symmetric critical operator in Q such that the 
ground state 4 $L2(R). Let kj(x, J’, t) and 2.; be the heat kernel and the 
principal eigenvalue of P in Qj, respectively. It is easy to see from the 
Sturm-Liouville expansion (1.2) that exp(A, t) k,(x, X, t) is a nonincreasing 
function of t. Therefore, k(x, x, t) is also nonincreasing, and in particular 
lim,, co k(x, x, t) exists. It follows from Lemma 3.3 (or Equation (3.24)) 
that 
lim k(x, x, f) = 0. (3.25) 
I + cc 
Let {t,},’ i be a sequence such that t, -+ 00, and assume that P is a general 
(not necessarily symmetric) critical operator. Define 
uj(x, Y, t, = k(x, Y5 t + tj). (3.26) 
Note that uj(x, y, t) is defined for t E R, provided that j> J(t). By 
Lemma 3.1 we have 
s, 0, Y, t) 4(y) 4= d(x), ja J(x) 0, y, t) d-c = 9(y). (3.27) 
Let y, E 52 be fixed and choose E > 0 such that B = B( y,, E) cc Q. Using 
(3.27) and the elliptic and parabolic Harnack’s inequalities we find 
C(YO, 6) WA Y,, t - 4 4bo) Q j 4~ Y, t) 4(y) & 6 0) (3.28) 
B 
for all XER and t> 1, where 0<6< 1 and C(y,,6)>0. Hence 
WY YO> t) d C,(Yo) 4(x) vt>2 (3.29) 
and similarly for a fixed x0 E Q 
~(XO~ Y? t) G CAXO) KY) Vt > 2. (3.30) 
Hence 
uj(x* YOv t, G cl(YO) dCx) (“j(xO, Yt t, G c2(xO) 9(Y))3 (3.31) 
for all x E Q (y E Q), t E R, and j> Ji( t). Therefore, by the parabolic 
Harnack inequality and standard Schauder interior estimates it follows that 
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uj(x, y, t) has a subsequence which converges locally uniformly to a non- 
negative solution u(x, y, t) of the parabolic equations 
Lu = 2.4, + P(x, a,)24 = 0 
in QxR (3.32) 
Moreover, 
4x, YO? t) G C,(Yo) d(x) for all (x, t) E Q x R. (3.33) 
Similarly, we have for a fixed x0 E 52 
4x0, Y> t) G C2(xo) G(Y) forall (y,t)EC2xR. (3.34) 
Now, if P is a symmetric critical operator in D such that 4 4 L2(52), then 
it follows from (3.25) that u(x, x, t) = 0 and therefore, by the parabolic 
Harnack inequality u(x, y, t) = 0. Hence, lim, _ m k(x, y, t) = 0. 
(iii) Let P be a critical operator in 52. Using the semigroup property 
we have for all t, r > 0 
J-, 4x3 Z? t)4z, Y, t + tj) dz = s, k(x, z, t + tj) k(z, y, z) dz 
= wx, y, z + t + tj) (3.35) 
for all ja 1, where { tj},C 1 is a sequence such that ti -+ cc. Note that 
Lemma 3.1 implies that for all XEQ and z >O, Qx, z, r) #(z)E L’(Q). 
Similarly, for all r > 0 and y~4, S(z) k(z, y, r) E L’(Q). Hence by the 
Lebesgue dominated convergence theorem and inequalities (3.29) and 
(3.30) we obtain 
I k(x, z, z) u(z, y, t) dz = R f 4x, z, t) &, y, z) dz = 4x, y, z + t), D (3.36) 
where u(x, y, t) = limj, m k(x, y, t + tj) and we may assume that the limit 
exists. In particular, for r = tj and t = - tj we have 
s R ‘(X> Z, tj)U(Z, Y, - tj) dz 
= 
I 
R U(X, Z, - tj) k(Z, ~3 tj) dz = ‘(X3 Y> 0). (3.37) 
Assume now that 4(x) Q(x)E L’(Q). Using again estimates (3.29) and 
(3.30) we see that the integrands in (3.37) are bounded by 
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C(x, ~1) d(z) S(z). Therefore, by the Lebesgue dominated convergence 
theorem we obtain 
s u(x, -7, 0) ti(z, y, 0) dz = I ti(x, z, 0) u(z, y, 0) dz = u(x, y, 0), (3.38) R R 
where 
4X, Y, t) = /imrn 4-G Y, t - lj) (3.39) 
and again we may assume that the limit in (3.39) exists. 
Using Lemma 3.1 and estimates (3.29) and (3.30) we also have 
I 4x9 z, t) 4(z) dz = d(x), s S(z) u(z, y, t) dz = 9(y). (3.40) n R 
In particular u(x, y, t) > 0. It follows from the Harnack inequality and 
(3.38) that ti(x, y, t) is also positive and we have 
i, fQ ti(x,z,O)u(z,~,O)dzd(~)d~=f~ ~x,Y,~)&JJ)~Y. (3.41) 
Consequently, (3.40) and (3.41) imply that 
I ti(x, z, 0) d(z) dz = 4(x). (3.42) Q 
Define integral operators 
V(x) = j-o fib, z, 0) f(z) dz, u*f(y) = j, 4z, Y, 0) f(z) dz. (3.43) 
By (3.38) and (3.42) we see that 4(x) and u(x, y, 0) (as a function of x) are 
positive eigenfunctions of the operator U with an eigenvalue one, and for 
every x E 52, u(x, y, 0) is a positive eigenfunction of U* with an eigenvalue 
one. Moreover, for every x ESZ, u(x, y, 0) 4(y) E L’(Q) and for every x, 
z E Q, u(x, y, 0) u(y, z, 0) E L’(Q). Hence by Lemma 3.4 we obtain 
4x, Y9 0) = B(Y) 4(x)* (3.44) 
It follows from (3.40) and (3.44) that 
il, g(z) P(Y) d(z) dz =ja Wz) 4~ Y, 0) dz = KY). (3.45) 
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Therefore, we obtain 
44 Y, 0) = 
d(x) WY) 
ja 4~) s(z) dz’ 
(3.46) 
and the theorem is proved. 1 
We conclude the paper with some remarks and a conjecture. 
Remark 3.5. In some cases it is known [S, 141 that the ground state 
d(x) is a minimal positive solution of the parabolic equation Lu = 0 in 
Q x IR. Hence in these cases the theorem for the critical case follows directly 
from inequality (3.33) and the minimality of 4(x). Note that this method 
can be applied even in some nonsymmetric nonintegrable cases [14]. The 
proof of the minimality of 4(x) in [S, 141 relies on a uniform parabolic 
Harnack inequality. Nevertheless, it is natural to conjecture: 
Conjecture 3.6. Suppose that P is a critical operator in 52. Then the 
ground state d(x) is a minimal positive solution in the set of all non- 
negative solutions of the equation Lu = 0 in ~2 x iw. 
Remark 3.7. Some applications of Theorem 1.2 for Riemannian 
manifolds may be found in [3]. 
Remark 3.8. One cannot simply use the Feynman-Kac formula to treat 
the dependence of lim, ~ o. k(x, y, t) on the potential W(x) (see [lS]). 
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